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If ni is a modulus of a DCS S, then by the Mycielski's inequality card(S)/> 1 + ~;(ni) (see eq. 
(1.2) for ~) and the equality can be reached. This inequality is strengthened to card(S)~> 
6 + ~(n~) for every non-natural DCS S of the group (Z, + ) of integers. Moreover, if P3 is the 
third smallest prime divisor of the common modulus of S, then card(S)I> 1+P3 + ~(n~). 
Further, (natural) DCS S of (Z, + ) are characterized for which card(S) = 1 + ~(ni). 
1. Introduction and notation 
The symbol Z will denote the set of integers. The letter D will denote the 
greatest common divisor and l.c.m, the least common multiple; a I b will denote a 
divides b. For integers n > 0, a the symbol a (rood n) will denote the congruence 
class {a +nx;x  e Z}. Although 0~<a <n is usual, arbitrary a in the term 
a (rood n) is allowed; for example 13 (mod 7) = -1  (rood 7) = 6 (rood 7). 
The intersection of any two congruence classes X = a (rood m), Y = b (rood n) 
is either empty or a congruence class. The first case never takes place if m, n are 
relatively prime. Further, if X is a subset of Y then the modulus n of Y divides the 
modulus n of X. 
The system 
al (modn0, a2 (modn2) , . . . ,  ak (modnk) (1.1) 
will be called disjoint covering system (abbreviated: DCS) if every integer 
belongs to exactly one of the classes (1.1). More formally, a DCS is a partition of 
Z into finitely many congruence classes; we always assume that these classes are 
given in (1.1) without repetition. The integers n l , .  • • ,  nk  will be called moduli of 
(1.1) and their least common multiple m = l . c .m. (n l , . . . ,  nk)  will be called the 
common modulus of (1.1). (The common modulus of a DCS need not be its 
modulus.) The trivial partition {Z} of Z will be also considered as a (degener- 
ated) DCS. 
For every positive integer n denote by Zn or Z(n) the partition of Z into the 
congruence classes modulo n (the symbol Z(n) is sometimes used to avoid double 
indices). Particularly, 7-,2= {0(mod2), 1 (rood2)} and ZI= {0(mod 1)} = (Z}. 
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The number of elements of a set X will be denoted card(X). Hence if S is the 
DCS (1.1), then card(S)= k. 
For every positive integer n we denote 
r 
~(n) = ~ ai(pi -  1), 
i=1  
if n = IIL~p~" is 
~(m-n)  = ~(m) 
and proved in [6] 
(1.2) 
the standard form of n. Hence, for example, ~(n)< n and 
+ ~(n) for all positive integers m, n. It was conjectured in [3] 
that 
card(S) I> 1 + ,~(ng) (1.3) 
for every DCS S and any of its modulus n~. It was conjectured in [7] and proved 
in [1] that for every DCS S with the common modulus n 
card(S) I> 1 + ,~(n). (1.4) 
As an immediate consequence we have that equality in (1.3) is possible only if 
n~ = n; Thgorem 4.1 will give a more detailed information. 
A DCS S will be called natural (abbreviation NDCS) if there is a finite 
sequence So, S1, & , . . . ,  Sr of DCS such that So, = Z1, Sr--S and for every 
i = 0, 1 , . . . ,  r - 1 there is a prime p~ and a congruence class a~ (mod ni) • Si such 
that 
Si+l=(S i -{a i (modni )})U{ai+nix(modpin i ) :O<-x<pi} .  (1.5) 
(Informally: Si+ 1 arises from Si by partitioning of one of its classes into pi classes 
of equal moduli.) The DCS which are not natural will be called non-natural. The 
notion of NDCS was introduced by Porubsk~ [4]; he also found a non-natural 
DCS with the common modulus 30. 
The main result of the present paper will be the following improvement of (1.3) 
for non-natural DCS. 
Theorem 1.1. I f  S is a non-natural DCS of (Z, + ) and ni is one of its moduli, 
then 
card(S) I>6 + ~(ni). (1.6) 
Hence every non-natural DCS has at least five elements more than (1.3) states. 
The constant 6 is the best possible, because for the DCS S consisting of 
2 (mod 6), 4 (mod 6), 1 (mod 10), 3 (mod 10), 7 (mod 10), 
9 (mod 10), 0 (rood 15), 5 (mod 30), 6 (mod 30), 12 (mod 30), 
18 (mod 30), 24 (mod 30), 25 (rood 30), 
we have card(S) = 13 = 6 + 7 = 6 + ~(30). 
The second section of the present paper contains some notions and results 
concerning so called irreducible DCS. The notion of so called Mycielski's 
abundance of a DCS is also introduced. It is useful in the study of improvements 
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of (1.3). The most substantial part of the proof of Theorem 1.1 will be its proof 
for the case when S is irreducible. This is done, in a weaker form (with 5 instead 
of 6), in the third section. In the fourth section the proof of Theorem 1.1 is 
completed. Finally, a strengthening of Theorem 1.1 is formulated which uses not 
only a modulus of S but also its common modulus. 
2. Irredudble DCS and splitting 
We begin with some definitions and results from [2]. 
Oellnilion 2.1. (a) Let $2, $3 be DCS, let b (mod d) e $2 and let $1 be the DCS 
(1.1). We shall say that $3 arises by the b-splitting of $2 by $1, and write 
$3 = Split(S2, b, $1) 
if $3 = ($2 - {b (rood d) } ) U { b + aid (mod hid): i ~ {1 , . . . ,  k } }. 
(b) For arbitrary DCS T1, T2, T3 we shall write Split(T1, al, T2, a2, T3) instead 
of Split(Split(Tx, ax, T2), a2, Ta) and analogously for a greater number of split- 
tings. Further, we define Split(S) = S for every DCS S. 
The last part of this definition will be necessary e.g. in Theorem 2.4. 
Examples 2.2. Split(Z2, 1, 7-,3) consists of 
O(mod2), l (mod6) ,  3(mod6),  5(mod6),  
and Split(Z2, 1, 7-o, 1, Za) consists of 
0(mod2) ,  1(mod12), 7(mod12), 3(mod6),  5(mod6).  
Dellnition 2.3. A DCS (1.1) will be called reducible if there is X ~ {1 , . . . ,  k}, 
1 <card(X)<k such that L..J{ai (mod n j ) ; ieX}  is a congruence class. A DCS 
(1.1) will be called irreducible disjoint covering system (abbreviated: IDCS) if 
k > 1 and the DCS (1.1) is not reducible. 
For example, Z4 is reducible because 0 (mod 4) U 2 (mod 4) = 0 (mod 2). The 
partition Z1 is neither IDCS nor reducible DCS, analogously as the integer 1 is 
neither prime nor composite. 
By induction with respect o card(S) we can prove: 
Theorem 2.4. For every DCS S there are IDCS S~, . . . , S r and integers bl ,  . • •,  b, 
such that 
S = Split(Zx, b~, S1 , . . . ,  b,, St). (2.4) 
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To obtain more comprehensive notation we can extend Definition 2.1 as 
follows. 
Definition 2.5. If $1, $2 are DCS and X = {b~, . . . ,  bk} is a finite set of integers 
such that bi, bj belong to different elements of S~ whenever i =/: j then we shall also 
write Split(S~, X, $2) or Spht(S1, {bl, • • •, bk}, $2) instead of 
Split(S1, b~, $2, b2, $2 , . . . ,  bk, $2). (2.5) 
We shall also use Split(S1, X1, . . . ,  Sk, Xk, Sk+l) analogously to 2.1.b. 
A DCS S is natural if and only if there are integers a l , . . . ,  ak and primes 
h i ,  • • • , nk  such that 
S = Split(Z(1), al, Z(nO, a2, Z(n2) , . . . ,  ak, Z(nk)). 
The representation of a DCS S in the form (2.4) is not unique. Moreover, there 
are NDCS which have a representation (2.4) where some of S i are non-natural 
IDCS. 
Theorem 2.6 (a) I f  S is a non-natural DCS, then its common modulus is divisible 
by at least three different primes, and every modulus of S is divisible by at least two 
different primes. 
(b) The greatest common divisor of all moduli of a non-natural IDCS is 1. 
We shall also need the following theorem from [2] it is contained also in [8] in 
essence. 
Theorem 2.7 A NDCS X is irreducible if and only if X = Z(p) for a prime p. 
Now we shall give some tools for transferring of some results from the 
irreducible DCS to general ones. 
Theorem 2.8 Let for DCS S, $1 , . . . ,  Sr (not necessarily irreducible) and integers 
b 1 , . . .  , b r  (2.4) ho ld .  Then  
r 
card(S) = 1 + ~'~ (card(Sj)- 1). (2.8.1) 
j=l 
Further, for every modulus m orS there are positive integers ml, • • • , mr such that 
m = ml" "- mr (2.8.2) 
and for every j = 1, . . . ,  r, the integer mj is either 1 or a modulus of Sj. 
Proof. We shall use induction with respect o n. For n = 0 (when S = Z1) the 
theorem obviously holds. For the induction step in (2.8.2) it suffices to realize 
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that every modulus of S'= split(S, b.+l, S.+1) is either a modulus of S or the 
product of a modulus of S and a modulus of S,+1. For (2.8.1) it suffices to realize 
that S' is obtained from S by deleting of one congruence class, and adding 
card(S,+l) new ones. [] 
Definition 2.9 For arbitrary DCSS consisting of the congruence classes (1.1) 
denote 
AbM(S) = min{card(S)- 1 -  ~;(n,); i= 1 , . . . ,  k}. 
AbM(S) will be called the Mycielski's abundance of S. 
(2.9) 
Using this notion, (1.6) can be expressed in the form Abe(S) >i 5. 
Theorem 2.10 For every DCSS the Mycielski's abundance AbM(S) is 
nonnegative. Further, if (2.4)holds, then 
¥ 
AbM(S) >I ~ AbM(Sj). (2.10) 
1=1 
Proof. The inequality AbM(S)>10 is only a reformulation of (1.3). To prove 
(2.10) consider a modulus m = ni of S, and introduce the integers ml , . . . ,  rn, 
from Theorem (2.4). If mj is a modulus of Sj then we have 
card(Sj) - 1 - ,~(mj) >1 Abm(Sj) 
however, this inequality obviously holds also if m r = 1, hence it holds for all 
j = 1 , . . . ,  r. Therefore 
r r r 
card(Sj)- 1 -  ~'~ ~(rnj)/> ~'~ AbM(Sj). 
j= l  j= l  j= l  
Now by (2.8.1) and (2.8.2) we have 
r 
card(S)-  1 - ,~(m)>/~ AbM(Sj). 
j= l  
The latest inequality holds for every modulus m of S, and hence (2.10) holds. [] 
Remark 2.11. Analogously as AbM we can define the Mycielski-Zmim 
abundance 
AbMz(S) = card(S)-  1 -  o~(m), 
where m is the common modulus of the DCS S. The analogon of Theorem 2.10 
can be proved. Further, obviously AbMz(S)<-AbM(S) for every DCSS. 
Examples with < can be easily found. Nevertheless, we state the hypothesis 
AbMz(S) 1> 5 for every non-natural DCS S of the group (Z, + ). (I.e., (1.6) holds 
also if ni is replaced by the common modulus of S.) 
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3. The lust improvement 
Lemma 3.1. Let p be a prime, nx, • • •, ns be positive integers not divisible by p, m 
be a positive integer, a, b, al, • • •, as be integers and let 
$ 
b (modp) -  U ai (mod n i )=a (modpm). (3.1.1) 
i= l  
Then p ~ m and 
$ 
b(mod 1) - U ai (mod ni) =a  (mod m). (3.1.2) 
i=1  
Proof. Notice that b (mod 1) = 0 (mod 1) = Z. Denote c = a +pn l "  • " ns. Since 
a ~ ai (mod ni) and c -= a (mod ni) we have c ~ ai (mod hi) for i = 1, . . .  , s. Since 
aeb(modp)  and c=-a(modp)  we have ceb(modp) .  Therefore c 
a (modpm), and hence pm [ c - a = pn l .  " • n~. The last formula implies 
m I n 1- ' "  ns, and hence p Jf m. 
Now we shall show that for every i the congruence classes ai (mod hi) and 
a (mod m) are disjoint. If they are not, then p X hi, p J( m imply 
b (mod p)  O ai (mod hi) n a (mod m) ~ ~t 
which contradicts (3.1.1). 
It remains to show that the set 
$ 
Z - (a (mod m) U U ai (mod ni)) 
i=1  
is empty. If not, it contains a congruence class d (mod n l . - .  ns) (remember 
m I nl-  • • ns). Since p + nl-  • • ns we can arrange d e b (modp), which contradicts 
(3.1.1). [] 
Notice that ai (mod ni), i = 1 , . . . ,  s need not be disjoint in Lemma 3.1. Hence 
this lemma can be useful also for covering systems of Z. We shall reformulate this 
lemma also for cyclic groups. 
I~mma 3.2. Let G be a cyclic group, H its maximal subgroup, F be a subgroup o f  
G, let G1 , . . . ,  Gs be subgroups of  G which are not contained in H, let 
a, a l , . . . ,  a,, b be elements o f  G and 
s 
bH-  U a, Gi = aF. (3.2.1) 
i=1  
Then there is a subgroup F1 o f  G which is not contained in F such that F = F1 n H 
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and 
$ 
G - U a,G~ = aFt. (3.2.2) 
i= l  
Since the transformation of 3.1 to 3.2 is straightforward (for example, p, n i 
correspond to the indices [G:H] ,  [G:Gi]), the proof will be omitted. The 
following example shows that the word "cyclic" can be neither omitted nor 
replaced by "finite abelian". 
Example 3.3. Let 
{(0, 0, 0), (0, 1, 1)} 
H-  ((0, I, 
is a subgroup of H. 
G - ((0, 1, 
G= Z32, H= Z22 x {O), GI={(0 ,0 ,0 ) ,  
and F= {(0, 0, 0), (1, 1, 0)). Then 
1)610 (1, 1, 1)62)= {(0, 0, 0), (1, 1, 0)} 
(0, o, 1)), 62= 
However 
1)G1U (1, 1, 1)G2) = {(0, 0, 0), (1, 1, 0), (0, 0, 1), (1, 0, 1)} 
is not a coset of G by any its subgroup. (Since it contains (0, 0, 0) it suffices to 
realize that it is not a subgroup of G.) 
Lemma 3.4. I f  S is a non-natural IDCS, then AbM(S) >>- 4. 
Proof. Let n~ be a modulus of S. We have to prove 
card(S) i> 5 + 3;(n~). (3.4) 
Let n be the common modulus of S and p be its greatest prime divisor. Since n is 
divisible by at least three primes we have p t> 5. Assume that S is (1.1), and that 
P X n~ for i = 1 , . . . ,  s and p I ni for i = s + 1 , . . . ,  k. Since S is irreducible we 
have s > 1 and since p [ n we have s < k. We may also assume a~ = 0 without loss 
of generality. 
Consider the partition of Z into p congruence classes b (modp),  b = 
0, 1, . . . ,  p - 1. Since p I n at least one of these classes contains a member of S. 
Then each of them must contain a member of S (see e.g. [2]). However, if a class 
b (modp) contains exactly one member aj (mod nj) of S, then by Lemma 3.1 the 
congruence classes 
al (modnl) ,  . . . , a~ (modns), aj (mod ~)  
form a DCS, 
aj mod = U ai (modni) 
i=$+1 
and hence S would not be irreducible. Therefore every class b (mod p)  contains at 
least two members of S. Therefore there are at least 2- (p - 1) members of S 
which are disjoint with 0 (mod p). 
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Now consider 0 (modp) as the additive group. The nonempty intersections of 
the members of S with 0 (modp) form a DCS S' of 0 (modp), and by the above 
considerations 
card(S) ---> card(S ') + 2- (p  - 1). 
Since A = as (mod hi) N 0 (modp) ~ O we have A e S', and the index n" of A in 0 
(modp)  is ns if p aLns and ni[p if pins. In both cases we have card(S')~ > 
1 + ~(n~), ~:(n~) >~ ~:(ns) - ~(p)= ~(ns) - (p  - 1), and hence 
card(S) >/~(n,) + p 
However, p ~> 5, and hence (3.4) holds. [] 
4. Proof of the main theorem 
The first theorem of this part is necessary for the proof of Theorem 1.1 but it is 
also self-interested. It characterizes the DCS with the property AbM(S)  = O. 
Theorem 4.1. Let  S be a DCS and let ai (mod n~) be one of  its congruence classes. 
Then the fol lowing conditions are equivalent: 
(i) card(S)= 1 + 9~(n,); 
(ii) There is a finite sequence o f  pr imes p~, . . . , Pr such that nj = Px " " Pr and 
S = Split(Z~, a,, Z(p~), a,, Z(p2), . . . , ai, ZOOr) . 
Further, i f  (i), (ii) hold, then ns is the common modulus o f  S. 
Proof. Let card(S)= 1 + 3r(ni), and let m be the common modulus of S. 
Obviously n i lm.  If ns ~m,  then 3~(ns) < 3~(m) and card(S) < 1 + 3~(m), which 
contradicts (1.4). Therefore m = ns. Now let S be represented in the form (2.4) 
with irreducible $1 , . . . ,  S,, and let ml , . . . ,  mr be the integers from Theorem 
2.8. Since Abe(S)  = 0, Theorem 2.10 implies AbM(Sj) = 0 for all j = 1 , . . . ,  r. 
Therefore very Sj is natural (by Lemma 3.4), and hence Sj = Z(pj) for a prime pj 
(by Lemma 2.7). So we obtain 
S = Split(Z~, b~, Z(p~) , . . . ,  b ,  Z(pr)). 
Now denote by qj the modulus of this element of S] = 
Split(Z1, bl, Z(pl), • • •, bj, Z(pj)) which contains ai. For every ] = 1 , . . . ,  r we 
have either q j=q j - lP j  or q j=q j_ l .  However, q0=l  and qr=p~. .  "Pr, hence 
qj = qj-1 for no ] = 1 , . . . ,  r. Hence by each step from S]_~ to S~ the congruence 
class containing ai is splitted. So every bj can be replaced by a,  and (4.1) is 
obtained. Conversely, let (4.1) hold. Denote 
Tj = Split(Z~, a ,  Z (pO,  . . , , ai, Z(p j ) )  
for every j=0, . . . , r ;  hence To=Z1, and T~=S. Then card(T j )=l+ 
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~(P l " ' "  Pj) can be easily proved by induction with respect o ]. For j = r we 
obtain (i). [] 
[,emma 4.2. Let S be a DCS such that AbM(S)= O. Let A, B be two disjoint 
congruence classes such that A O B is not a congruence class, and A U B is the 
union of a subset of S. Then both A and B are the unions of subsets of S. 
Proof. If AbM(S) = O, then card(S) = 1 + ~,~(ni) for a modulus ni of S, and S can 
be represented in the form (4.1). Consider the set of all congruence classes of all 
DCS Tj, j = 0 , . . . ,  r from the proof of Theorem 4.1, and its partial order by the 
set-theoretical inclusion ~_. The Haase diagram of this partial ordered set is a 
rooted tree. The leaves of this tree are exactly members of S = Tr (of course, they 
may belong also to some Tj, j < r). The other vertices form a finite chain. Let C 
be the smallest element of this chain which contains A U B. Since A U B is not a 
congruence class, A U B has nonempty intersection with at least two sons of C. At 
least one of these sons is a leaf of the considered tree; denote it by D. Obviously 
D ~ A U B. Further, let M be the subset of S such that A U B = UM. 
Let m be the modulus of C and pm (where p is a suitable prime) be the moduli 
of its sons. Since A c C, B c C the moduli of A, B are km, Im for suitable 
integers k, l. 
If AoZD, B~_D, then p ~- k, p ~- 1. However, in this case the moduli of A n D, 
B O D are pkm, plm, respectively, and since A O B c C and (A N D) U (B O 
D) = D we have 
1 1 1 1 1 1 -{- 
km lm m' pkm plm pm 
which is a contradiction. Therefore A c_ D or B ~_ D. Further assume A c_ D, 
B d_ D (both inclusions cannot hold). 
If B n D 4= S then since D = A U (B n D) the moduli of both A, B n D are 
equal 2pro. Consequently, B has the modulus 2m. Hence p =/=2 (otherwise 
B = D). But then we have at least one more leaf D1 with the modulus pm. We 
have $ =/= B n D1 c D1, A n D~ = $, hence S :/= (A U B) n Dx c D~ which is a 
contradiction. 
Finally, if A ~_ D and B N D = S, then A = D and hence A = U{D}, B = 
U(M - {D}). [:1 
Remark 4.3. The condition AbM(S ) = 0 cannot be replaced by "S is natural" in 
Lemma 4.2. To show that it suffices to consider S = {0 (mod 15)} O {i (mod 30); 
1 ~< [i[ ~< 14} and A = 0 (mod 6), B = 5 (mod 10). 
Immma 4.4. I f  A, B, C, D are congruence classes, A n B = S, C n D = S and 
AUB=CUD,  then {A ,B}={C,D}.  
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Proof. Denote X = A rl C, Y = A tG D, Z = B f'l C, T = B tq D. Each of the sets 
X, Y, Z, T is either empty or a congruence class. Further, A = X O Y, B = Z U T, 
C = X LI Z, D = Y t3 T. Since A 4:17t we have X :~ t~ or Y 4: t~, and analogously for 
B, C, D. If X ~ 171, Y 4:171, then the moduli x, y of X, Y are multiples of the 
modulus n of A and 1/x+l /y=l /n ,  which easily implies x=y=2n.  
Analogously, if Y, Z are nonempty then their moduli are equal, etc. 
Let at least three of the sets X, Y, Z, T be non-empty; for example let X :~ 0, 
Y4:17t, Z :~0. If m, n are moduli of A, C, then the modulus of X must be 
simultaneously 2m and 2n, hence m = n. Therefore, A, C ~ Z(m),  and since 
A N C = X 4: t~ we have A = C = X, which is a contradiction. Hence at most two 
of X, Y, Z, T are non-empty. 
We can easily see that either X 4: 0, T 4: 0, or Y 4: 0, Z ~ 17t. In the first case we 
have A = C, B = D and in the other one A = D, B = C. Hence in both cases 
{A,B}={C,D}.  [] 
Lemma 4.5. Let p > 2 be a prime, nl, • . • , ns be positive integers not divisible by 
p, ml,  m2 be positive integers, a l , . . . ,  asb, cl, c2 be integers, cl (modpm0 tq 
c2 (mod pm2) = 0 and 
$ 
b (mod p)  - U ai (rood hi) = cl (mod pml)  LI c2 (mod pm2). 
i=1  
(4.5.1) 
Then p Jf ml,  p Jf m2, cl (mod ml) tq c2 (rnod m2) = ~ and 
$ 
b (mod 1) - [,.J ai (mod hi) = C 1 (mod ml)  O C 2 (mod m2). 
i=1  
(4.5.2) 
Proof. Denote the least common multiple of nl, • . • ,  ns by n. The left side of 
(4.5.1) is a union of several congruence classes modulo pn. Now distinguish two 
cases. If one of these classes has nonempty intersections with both Cl (modpml), 
c2 (mod pm2), then these intersections are congruence classes of the form 
dl (mod pmlel) ,  dE (mod pm2e2). 
Since their union is a congruence class modulo pn we have pmlel  =pm2e2 = 2pn, 
and then, obviously, p Jf ml, p )f m2.  In the opposite case each of the congruence 
classes ci (mod pmi), i = 1, 2, contains a congruence class modulo pn. Hence 
pm~ Ipn, and we also have p ~ m/for i = 1, 2. 
If Cl (mod ml)tq c2 (rood m2)~,  then there is an integer d such that for all 
integers e
d + emlm2 e Cl (mod ml) tq Cl (mod mE). 
Since p )f mlm 2 the integer e can be chosen so that p [ d + emlm2, and since 
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P I cl, P I c2 we have 
d + emtm2 ~ cl (modpml) n c2 (modpm2) 
which is a contradiction. 
The proof of (4.5.2) is now very similar to the proof of (3.1.2) and therefore it 
is omitted. [] 
Lemma 4.6. I f  S is a non-natural IDCS, then AbM(S) >15. 
Proof. Compare Lemma 4.6 with Lemma 3.4. The only difference is that we have 
5 instead of 4, now. Hence we must only exclude the equality in (3.4). Introduce 
all notations from the proof of Lemma 3.4. If card(S) = 5 + ~(ni), then 
(i) card(S')= 1+ ~:(n'); 
(ii) Every class b (modp), 1 ~< b ~<p - 1 contains exactly two members of S; 
(iii) p Jf n/ni. 
Lemma 4.5 implies that for every b = 1 , . . .  ,p -  1 there are two disjoint 
congruence classes Xb, Yb with the moduli not divisible by p such that 
XbNb(modp) ,  YbNb(modp)  
are the members of S contained in b (modp). Further, by (4.5.2) we have 
$ 
Xb U Yb = Z - 1,3 ai (mod ni). 
i=1  
Therefore Xb U Yb does not depend on b, hence Xb O Yb = X1 t2 Y~. Then Lemma 
4.4 implies {Xb, Yb} = {X1, Y1}, and we may assume Xb = I11, Yb = Y1. Now 
consider the congruence classes 
A=X1NO(modp) ,  B= Y10 0 (modp). 
The set A U B is the union of a proper subset of S. Since S is irreducible, A t.J B 
is not a congruence class. We shall apply I.emma 4.2 and Theorem 4.1 to the 
DCS S' of 0 (modp). (To be quite precise, we have to apply them to the DCS S" 
of Z which is induced from S' by the isomorphism x ~->x/p of the additive group 
0 (modp) onto Z.) Then we obtain that A, B are unions of some proper subsets 
of S'. Hence X, Y are unions of some proper subsets of S. However, S is 
irreducible, which is a contradiction. [] 
Proof of Theorem 1.1. Represent he DCS S in the form (2.4) with irreducible 
$1, . . . ,  St. At least one of Sj is non-natural, and hence Abu(Sj)>~ 5 for this Sj. 
Now Theorem 2.10 implies AbM(S) t> 5, which immediately gives (1.6). [] 
Remark 4.7. Theorem 2.10 and Lemma 4.6 also make possible to estimate the 
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number of non-natural DCS Sj in any representation (2.4) of a DCS S. This 
number is at most L~AbM(S)I. 
The right-hand side of (1.6) in Theorem 1.1 does not depend on the common 
modulus of S. If we allow such a dependence we can formulate a stronger result: 
Theorem 4.8. Let S be a non-natural DCS, let p l  < p2 < " • " < Pk be the list of all 
prime divisors of  the common modulus of  S and let ni be a modulus of  S. Then 
card(S) I> 1 + P3 + ~(ni). 
The inequalit3, k >i 3 (and hence, the existence of P3) follows from Theorem 
2.6(a). In Lemma 3.4 we may replace 5 by P3 because p ~>P3- The proof need not 
be changed in essence. 
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